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Abstract. We write down the Lagrangian of a ‘supersymmetric Weinberg-Salam model’
which is invariant under the action of the gauge group SU(2/1) and under rotations in a
six-dimensional graded space. We show that such a Lagrangian does not, in fact, naturally
give rise to the Weinberg-Salam model.

1. Introduction

The Weinberg-Salam model is the currently accepted model of weak and electromag-
netic interactions. Conventional attempts to unify it have led to theories containing
large numbers of (so far) unobserved particles. Recently Ne’eman (1979), Fairlie (1979
a, b), Dondi and Jarvis (1979a), Squires (1979), Taylor (1979a,b) and Pickup and
Taylor (1979) have made ‘unconventional’ attempts using supersymmetry; we discuss
first the motivation behind these schemes, and then the associated problems.

The gauge group used is SU(2/1); this contains the SU(2) x U(1) of the Weinberg—
Salam model. However, it also contains a doublet and its conjugate and thus, it was
hoped, the Higgs field could be naturally incorporated. The fundamental 3x3
representation of the gauge field may be written

(518

Now, the Weinberg-Salam model contains an arbitrary parameter 6,,, the Weinberg
angle. Since SU(2/1) models combine the SU(2) and U(1) parts, the Weinberg angle is
not a free parameter of these theories, but in fact has been determined to be 30° (Fairlie
1979a, b, Ne’eman 1979), in good agreement with recent experiments. Moreover, in
the Weinberg—Salam model the left-handed lepton and its neutrino must be assigned to
a doublet, and the right-handed lepton to a singlet. In SU(2/1) models, however, they
may all be assigned to the fundamental triplet, which contains an SU(2) doublet and a
singlet. This arrangement allows the natural choice of charge matrix (Fairlie 1979a, b).
Furthermore there is a four-dimensional representation of SU(2/1) which contains an
SU(2) doublet and two singlets; this seems a natural way to introduce left- and
right-handed quarks.

So far all seems well, but in fact there are problems even with the incorporation of
the Higgs field. Since SU(2/1) is a Lie supergroup, some of its parameters (those other
than the parameters of the SU(2) and U(1) subgroups) are elements of a Grassman
algebra, i.e. they anticommute with each other. This means that the doublet associated
with the odd generators is an anticommuting field, and consequently has the wrong
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spin-statistics. This may be countered by assigning the doublet to a completely separate
multiplet (Dondi and Jarvis 1979b), but to incorporate the Higgs particle into the gauge
field Dondi and Jarvis (1979a) defined their theory over an extended space—time: to the
usual four-dimensional Minkowski space it is necessary to add two extra fermionic
(anticommuting) dimensions so that the last two components of the Higgs field are
commuting. However, this also means that the last two components of all other fields,
in addition to the first four components of the Higgs field, will be anticommuting.

In this paper we shall write down a ‘supersymmetric Weinberg-Salam model
Lagrangian’ (without fermions). By this, we mean a Lagrangian that is a scalar with
respect to the six-dimensional space-time supersymmetry mentioned above and which
is invariant under the action of SU(2/1). It is the hope of many people that the
Weinberg-Salam model will emerge naturally from such a Lagrangian; in fact, we shall
show that it does not do so.

This paper is in three parts. In the first part we review SU(2/1) and its represen-
tations. In particular we shall discuss the metric of the group which, unlike the metric of
the usual gauge groups, is not a simple delta function. We proceed to show how to write
down terms which are invariant under the action of the group, in preparation for the
construction of the gauge-invariant Lagrangian.

In the second part, we will deal with space-time transformations. We shall consider
rotations in the full six-dimensional space. Since the Lagrangian must be a scalar we
show how to form rotational invariants from six-dimensional vectors and second-rank
tensors.

In the last part, we shall write down our basic fully invariant Lagrangian. We will
show that the U(1)-invariant term necessarily has the opposite sign to the SU(2)-
invariant part, in contrast to the Weinberg-Salam model and, further, that fields with
the wrong spin-statistics are still present. Moreover, the Higgs field does not appear in
the straightforward way that one might have hoped. We discuss the spatial dependence
of the fields, but point out that freedom of choice in this matter does not seem to help.
Finally we show that the measures necessary to extract something like the Weinberg-
Salam Lagrangian are so drastic as to render this approach pointless.

2. Review of SU(2/1) and its representations

2.1. The Lie superalgebra
We write the SU(2/1) algebra as (cf Dondi and Jarvis 1979a)

[Ro, R, ]=0

[R;, Ri]=1€uRx

[Ri Qal= —3(0m)aQs

[Ry, Qa]=3(0m)2°Q

{Qa, @} =2(0c")aRn

{Qu, Qb} = {O_a, Q_b} =0
where

m=0,1,2,3
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L, k=1,2,3
a,b=1,2

Om = (00, O)

"R, =—0oRo+ R

This is a Z,-graded algebra, i.e. its generators may be divided into two classes, even
and odd. In this paper we label these by R and Q, respectively. It can be seen that the
R’s generate SU(2) x U(1).

In the notation of Ne’eman (1979) a Lie superalgebra can be written

[AA, )\B} = Cgal\c (2)
where

[,]if Aa, Ap both ‘even’
[,}=<[,]if one ‘even’, one ‘odd’
{,} if both ‘odd’.

For SU(2/1) the labels A, B, C, .. ., etc, run over eight values, with the set
/\A = RO’ Ri’ Oa; O—a-

The algebra (1) may be represented by ordinary 3 X 3 matrices:

1 1
|
1 1 11
Ro==3 12 Ri=3 !
—i, 1
11 ! 1 -1,
R _ - ———-—l—— R3=—- ——————
) ! 2 :
(3)
[ )
I I
P o L\ i
T2\ 1 0! L\ 0 1!
1 | 0
.1 0 - 1 1
Oy=—=| ———d— =— |-
b2 : =7 :

The adjoint representation is defined by
(Aa)5=Cic 4)

where B and C are the row and column labels, respectively. (One can also use
(Aa)§=—(—)*BCS g which gives the same metric.)

It can be shown that this is indeed a representation by using the ‘graded Jacobi
identity’ (see, for example, Corwin et al 1975):

[Aa, [, Ak =[[Aa, As} Ac+(=)*B[Ag, [Aa, Act} (5
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Substituting the structure constants and using the linear independence of the

generators yields (2).

Explicitly, the adjoint representation is
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2.2. The group SU(2/1)

An element of the group may be written in the form
g= exp[i(GoRo + 6,‘Ri + ana + Q_aé-a)]- (7)

The parameters 6 are graded, i.e. the set (6o, 6;) are (real) numbers and the set
(64, 8,) are elements of a Grassman algebra:

{8a> 85} ={Bas 65} =164, 65} =0.

Notice that in the fundamental representation (3) the R’s are Hermitian and the Q’s
are the Hermitian conjugates of the Q’s. This is necessary for SU(2/1) to be unitary in
its fundamental representation. Infinitesimally,

g+g = 1 +i(60R0_ 0§R3 + eiRi - G:kRT + ana - on_a + Q—aéa - é.ao_jz—)-
Reality and Hermiticity ensure that the first four terms vanish, and the last four

vanish since QF = Q, in the fundamental representation.
A group element of SU(2/1) can be written in the form

AlB
g=|-=+-- (8)
C.\D
where the elements of A and D are just numbers, and the elements of B and C are
anticommuting numbers. Any matrix with this structure will be referred to as ‘correctly
graded’. It is easily seen that this graded structure is preserved under multiplication.
The graded trace or supertrace is defined by

str(g) =tr(A)—tr(D). 9)
By multiplying group elements component by component we see that the supertrace

of group elements is cyclic:

str(gg’) =str(g’'g). (10)

Note that this is not true of the generators of the group since they are not correctly
graded matrices:

str(AaAg) = (—)*7 str(ApAa) (11)

(str(CSprc) = 0 because the generators are supertraceless).

2.3. The metric of SU(2/1)
The Killing metric is defined by
gap =str((adj A4)(adj Ap)) (12)

and may be used to raise and lower indices in the usual way. If we define A ® implicitly
by

Aa=gasA®
and g"*? by
AP =g4BA,
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then

gacg® =g" gca =814
We point out that

g?f =str((adj A ®)(adj A ).
Explicitly

The fact that the metric has both symmetric and antisymmetric parts causes some
trouble—we point out that in general, for any quantities X *,

XAX 4 # Xa X"

2.4. Invariants under SU(2/1)

We recall first some features of ordinary Yang-Mills theories.
Consider a field ¢ which transforms like

¢ ~>gd (14)

under a local gauge transformation. (We do not distinguish between an element of a
group and its representation.) Now since g = g(x), the ordinary derivative of ¢ will not
transform in the same way. To overcome this, we define the covariant derivative

D* =" +ieA T* (15)

where the T are the generators of the (Lie) gauge group, and A5T“ = A*(x) is the
gauge field, transforming like

A* —>gA“g_‘+§(a“g)g“1- (16)

We then have
D*¢ » gD*¢. (17)
If we define Fi* by

1
Fi'T*¢ =—[D* D¢

=(*A” —9"A* +ie[A*, A )¢ (18)
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then we see immediately that under a gauge transformation
Fi'T">gFi' T, (19)
Now since
tr(TeT?)oc 6% (20)
we have (ignoring the proportionality constant)
F* Fouva=F" 8" Fo
= F* o tr(T*T®)F o
=tr(F*, T°F,.,T"). (21)
Thus under a gauge transformation
F* o F e > tr(gF* T8 gF,Tg ")
=F"Fa

by the cyclic property of the trace.

Thus F*",F,., is an invariant of Yang-Mills theories. It will be the object of this
section to determine the corresponding invariant for SU(2/1).

In the final section of this paper, when we come to evaluate the gauge field
commutators (and anticommutators), we shall discover that, in order to stay within the
algebra, all the ‘odd’ components of vectors, tensors, fields, etc, must anticommute with
the odd generators (as one would expect from their grading). This means that care will
be necessary when summing the components of a field over the generators of the group.
We shall define

F*Aa=FoRo+FR; +F,Q,+ Q.F,
=F°R°+F'R'+F*Q“+ Q°F*. (22)
Then the SU(2/1) analogue of (18) (in four dimensions) is defined to be

1
F‘:v/\A(b = §[Dy.1 Dv]¢

where
D, =4, +ied,*A4.
Consequently we know that (ignoring space-time indices)
FA\ 4> gFA)tAgul.
Now consider (taking the generators to be in the adjoint representation)
str(F*A4F®Ap)
= str(Fo Ro Fo Ro) +str(FR.Fj R)) +str(F,Q.Qy Fy) + str(Q. F. F,Q,)
=-F§ +F} -F,F,+F,F.. (23)

We would expect to be able to commute Ap through F? in order to write this
analogously to F*",6 “bF“,,,,, and if we are careful with signs and definitions we can
indeed do so. But when we extend the theory to six dimensions the space-time indices
on F (which we have so far ignored) will be graded, and this will make things more
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complicated. In view of this it seems simplest always to write invariants in terms of
supertraces.

The graded space-time indices on F also mean that, for some values of these indices,
F*A4 will be a wrongly graded matrix (i.e. it will be even where a correctly graded
matrix is odd, and vice versa). However, the space-time metric is box-diagonal (see § 3)
and if we use this to sum over the space-time indices then this will ensure that
F*A4FPAp is correctly graded, since the product of two wrongly graded matrices is
correctly graded.

It follows that under a gauge transformation

str(FAAF®Ag) - str(gFA/\AFB/\Bg_l)
= str(FA/\AFB/\B)

irrespective of any suppressed indices on F, and thus this is the desired SU(2/1)
invariant.

3. Space-time transformations

As we pointed out in the introduction, Dondi and Jarvis (1979a) have set up super-
symmetric Weinberg-Salam models on graded manifolds—i.e. manifolds some of
whose coordinates anticommute—so as to provide a Higgs field with the correct
spin-statistics. We stress that this technique not only does not remove the Higgs field
with the wrong spin-statistics, but actually introduces wrong spin-statistic components
into ordinary fields.

We shall treat a six-dimensional space. The relevant metric is

1 ]
-1 |
-1 !
|
|
_11
8pa=|~TT 777 : ————— 24
: 01
L -1 0
We use
u, v, petc=0,1,2,3
bl b b H t =
P a5 et {a,ﬁ,y,etc=5,6.

Since g, is neither symmetric nor antisymmetric we shall have exactly the same
problems as with gap.

Define
27 =(x" ¢, &)
and z, by
Zp = gpa? = (X, £, —€)
and g™ by
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This gives
8784 =87 = gpag™".
We obtain (numerically)

pPq

8 =8 & =8, gl =(—)"8%.

We require our Lagrangian to transform as a scalar under OSp(3, 1/2), which is the
full group of rotations in this six-dimensional space. Define the transformation of z, by

zp=a,’z, (25)

Then multiplying by g”” we have

m_1

g zp=2"=g"%a,g.z".
Hence, if we define

z'P = pP 2 (26)
then

b"y=g"a,gsy
=a”g..
As a check we take the identity transformation on z,, when
a,!=g," =68}
and then
bpq = gprfsigsq
=85 also.
For an infinitesimal transformation we define
a,'=g,"+Aw," (27)
This gives
Py=80+Aw" g, (28)
Then
272, =b%2%, 2,
=272, + Aw"°guz %82, + 8527 Aw, z,.
For z°z, to be invariant under rotations we require

Aw™z,2,+ 2" Aw 2, = 0. (29)

Expanding the summations into sums over odd and even coordinates, and remembering
the grading of z and Aw, and the fact that Aw**z, = —Aw*,z* we obtain the conditions

Av* =-Aw™ (as expected)
Aw*® = ~Aw™ (30)

Aw®® = Aw®*
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It is easily seen that z,z” is not invariant under these conditions., We therefore
conclude that the invariant scalar product is

277, =x*x, + &8 - &8
=2"gp02 % = 2,8%2,.

For completeness we derive the algebra of OSp(3, 1/2). We write Aw,“ in terms of
the parameters and generators of the group

A(I)pq = A¢ ’w(];w)pq + AQS e (Hua)pq + A(bQB(E&B)Pq'

The parameters A¢™ have the same grading and symmetry as Aw”; there are
seventeen of them since the independent generators consist of six J, eight [Tand three E.

To determine the symmetry of the generators as matrices, we need to know the
relation between Aw,? and Aw,”. From

Aw,? = ()" A0,
and

Aw?, =g"gpAw,’
we obtain

Aw,? ==(-)"g¥gpAw,". (31)
Substituting particular values of p, g, r and s we obtain the following relations:

Awy' =Aw’

Aw, =-Aw;

Awo® =-g*%Aw,’

Aw:" =g Awg'’ (32

Aws’ = —Awe®
Aws®, Awg” independent.

Then we may write the components of the generators (in this 6 X 6 representation) as
u)p" = (8up8uq — Guabup)
(Maa)p” = i(8uaBap + SupBaq) (33)
(Bap)p' = (8paBpa T 8paBaq)-

They give rise to the following algebra:
[Jasr Joo] = 1(8uodvo + 8o uir = Buodvo — 8vorJuo)
[Zap Evs]= 8asEpy + 8y Eas + 8ay Eas + 885 Zay
{Moo Thp} = 8us Bap —18as) s
[ a1 = 1(8up e = Buo11a)
(Eap uy]= 8oy ILua + 8ayllup
[Jurs Eap]=0.

Dondi and Jarvis (1979a) have given a differential representation of this algebra.

(34)
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3.1. Gauge theories on graded manifolds

We have already discussed the implications of using SU(2/1) as a gauge group, and have
seen that str(F*A,F®Ap) is invariant under the action of the group. We complete the
discussion by extending our theory to six graded dimensions.

The covariant derivative is

D, =0, +ieAsA4
where

Apra=A,(x, £)

and transforms in the usual way.
Using the fact that 9, is a ‘graded-Leibnitz’ operator, i.e. that

8p(2%24) = (8p2 M) zg + (—)"2%(8p24)
it is then easily shown that
D,¢ - gD,¢
if
¢ - go.
We define the second-rank tensor by
[D,, Dy} =ieFpha
and then
Fiora=0,A,—(—)9,A, +ie[A,, A}.

We must now form a term bilinear in F which is invariant under both SU(2/1) and
OSp(3, 1/2); the analogue of the F**“F,,,, term in Yang-Mills theories. In fact, the
required term is str(F PadN A F fp/\B): that this is a scalar under OSp(3, 1/2) seems
plausible since z°z%z,z, obviously is. We now outline the proof.

Str(quA)\AFqBP/\B)

- _g str((D%, D*}{D,, D,})

> —%str([b",D’, b4.D*Ya,' Dy a,"D,}). (35)

The delta functions in the transformations a and b just give back the original term,
and to first order we are left with

1 S r r s
"_ZE str(([Aw” ger ’ Dq}+[Dps Aw? grsD })[an Dp}

+[D?, D}[Aw,'Dy, D} +[Dy, Aw,“D.}). (36)

After some algebra it can be shown that the two sets of terms in the supertrace cancel
pair-wise, and thus str(F Pas) JFoAp) is the relevant invariant.
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4. The Lagrangian

As a basic Lagrangian, without fermions, we take
F=Lstr(FP A, F o Ap)
= —AF " F o = 1P Fam + 3F " Fagmn = 2F*oF s
— F¥* F e +3F® Frga. (37)

Let us consider the first term. Since it is obviously invariant under SU(2) x U(1) one
might hope that at least this term reproduced part of the Weinberg-Salam Lagrangian.
But (from (13))

~5F* " E e = 5F*°FS, —iF*" . F,,. (38)

In the Weinberg-Salam model these two terms have the same sign. The sign
difference here is not trivial—it arises ultimately from the fact that the generators of
SU(2/1) must be supertraceless.

We must also consider the other terms in the Lagrangian. In order to see what is
happening with the fields we evaluate the gauge field (anti)commutators. Itis here that
we have to assume that the odd-field components anticommute with the odd generators
if we are to stay within the algebra. We obtain

[A*, A" ]=HALAL+ ALAD(0 ™) aRy +IAFAfeRi +3(ALAT ~ AEAL) (50)aQs
+3HALAT - AFAD(0)5Qs +3(ALAL - ASAL(0F) a0y
+3(ALAL - AFAY) (0F)a0s

[A*, A%]= —HALAS+ ALAD(0™)eRm +IAFATepR: —1(ALAT + ABAD(00)2Qs
—HALAT+AYAL)(01)00s —HALAS + ASAL)(08) 0y
~HALAT+ AFAY) (1),

{A%, AP} = —HASAL+ ASAD)(0™)oR,, +1AT ARy
~HAZAG+ATAL)(00)2Qs ~HASAT + ATAL () 2Qs
—3HAZAL+ ASAD(0E)aQy —3(ASAL + ATAL) (0000

Tt is obvious that the theory is inundated with wrong spin-statistic fields. They arise
because we have used a graded Lie gauge group and because the theory is formulated on

a graded manifold. In a full quantum-mechanical treatment it is not possible to set the

unwanted field components equal to zero.

One might hope to dispose of the wrong spin-statistic fields by choosing some

particular spatial dependence and integrating over the anticommuting dimensions,
using

J‘ da=0
J- ada=1
where a is an element of a Grassman algebra. This would break the OSp(3,1/2)

invariance down to the required Lorentz invariance. However, it would be necessary to
dispose of the components of the W and B fields associated with the odd generators of
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SU(2/1) and the components of the Higgs field associated with the even generators, and
we have not been able to find a spatial dependence to do this.

Finally, we point out that it is possible to extract something like the Weinberg~
Salam model if we take the trace

tr(FP\aF oA p) = F*oFp0+ 3F"Fy

By restricting the theory to four dimensions and rescaling the Abelian part we can
indeed reproduce the first two terms of the Weinberg—Salam model (although the Higgs
field has disappeared). But this is not a supersymmetric model at all; by taking the trace
we are breaking the SU(2/1) invariance down to SU(2) X U(1), and if we then restrict
the theory to four dimensions we are doing no more than Weinberg did in the first place.

To conclude then—in this paper we have established a consistent formalism and
have written down the full SU(2/1) and OSp(3, 1/2) invariant Lagrangian. This makes
clear the difficulties involved in attempts to establish a realistic physical model. Indeed
the difficulties seem such as to make it unlikely that a realistic physical model will easily
be established.
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